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Abstract 

Let G be a group which is hyperbolic relative to a collection of subgroups 
TL\, and it is also hyperbolic relative to a collection of subgroups 7^2 such 
that TL2 C TLi- In this note we characterize when a subgroup Q of G which 
is quasiconvex with respect to Tii is also quasiconvex with respect to H2. 
We also show that if a subgroup Q of G is quasiconvex with respect 0.2, then 
it is quasiconvex with respect to Tii. Some applications are discussed. 

1 Introduction 

If G is a countable group and 7i is a collection of subgroups of G, the notion of 
relative hyperbolicity for the pair (G, TL) has been defined by different authors 
HHIZllinjIIIlinjinillS]- ah these definitions are equivalent when the group G 
is finitely generated [3 UHl HZl UHl [TH] . When a pair {G,H) satisfies the relative 
hyperbolicity condition we say that the group G is hyperbolic relative to the pe- 
ripheral structure 7i, and when the collection Ti. is fixed we just say that the group 
G is relatively hyperbolic. 

For a group G hyperbolic relative to a collection of subgroups H, Dahmani [5] 
and Osin ^17j studied classes of subgroups of G which they called quasiconvex rel- 
ative to Ti., intending to generalize the notion of quasiconvexity in word hyperbolic 
groups. Hruska introduced several notions of relative quasiconvexity in the set- 
ting of countable (not necessarily finitely generated) relatively hyperbolic groups, 
including the notions based on Osin's and Dahmani's, and showed that they are 
equivalent [T?\ 

A group G may be relatively hyperbolic with respect to different peripheral 
structures, see for example [16]. Suppose that Q is the class of quasiconvex sub- 
groups of G relative to the peripheral structure H. The goal of this paper is to 
study how Q varies when Ti. changes. 

If G is a group generated by X and g G G, we will denote by \g\x the distance 
from the identity element to g in the word metric induced by X. For a subgroup 



Q < G and an element g G G, we will denote by the subgroup g ^Qg. The 
main result of the paper is the following. 

Theorem 1.1. Let G be a group with a finite generating set X . Suppose that G 
is hyperbolic relative to a collection of subgroups TLi, G is also hyperbolic relative 
to a collection of subgroups Ti.2, and Ti.2 C Tii- 

1. If R is a quasiconvex subgroup of G relative to Ti.2, then R is quasiconvex 
relative to Tii. 

2. Suppose that R is a quasiconvex subgroup of G relative to Tii- If for any 
Q G Til \ 7^2 and any g G G the subgroup R n gQg~^ is quasiconvex relative 
to 0.2, then R is quasiconvex relative to 7^2- 

Recall that a group is elementary if it contains an cyclic group of finite index. 
Since cyclic subgroups are quasiconvex [17,j Corollary 4.20], elementary subgroups 
are also quasiconvex. 

Corollary 1.2. Let G be a group which is hyperbolic relative to the collection of 
subgroups Ti and Ti' . Suppose that Ti <zTC and every H G TC \ 'H is elementary. 

Then a subgroup of G is quasiconvex relative to Ti. if and only if it is quasiconvex 
relative to Ti! . 

Proof. The "only if" part is the first part of Theorem Suppose i? < G is 
quasiconvex relative to TL' . For every H G H'\H and g G G, the subgroup RCiH^ 
is an elementary subgroup, in particular quasiconvex relative to H. By the second 
part of Theorem R is quasiconvex relative to H. □ 

The following result is a Corollary of Theorem |1.1| and previous work of the 
author fl5', Theorem 1.1]. It is a combination theorem of quasiconvex subgroups 
and hyperbolically embedded subgroups which was proved for the case of word- 
hyperbolic groups by R. Gitik [8, Theorem 2]. 

Corollary 1.3. Let G be a hyperbolic group relative to a collection of subgroups 
Ti., and suppose that X is a finite generating set of G. 

For every relatively quasiconvex subgroup Q, and every hyperbolically embedded 
subgroup P, there is constant C = C{Q,P,X) > with the following property. If 
R is a subgroup of P such that 

1. QnP <R, and 

2. \g\x >G for any g e R\Q, 
then the natural homomorphism 

Q *QnR R — > G 

is injective. 

Moreover, if the subgroup R is quasiconvex relative to Ti, then the subgroup (QUR) 
is quasiconvex relative to Ti. 
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An interesting combination theorem for cyclic subgroups of relatively hyper- 
bolic groups was proved by G. Arzhntseva and A. Minasyan |21 Theorem 1.1]. 
They used this combination theorem to prove that relatively hyperbolic groups 
with no non-trivial finite normal subgroups are C*-simple. Corollary 1 1 . 3| allows us 
to obtain a slight refinement of their combination result. 

Corollary 1.4. Let G be a non- elementary and properly relatively hyperbolic group 
with respect to a collection of subgroups Ti.. Suppose that G has no non-trivial finite 
normal subgroups. Then for any finite subset F of non-trivial elements of G there 
exists an element g € G with the following properties. For every f € F, 

^- if J 9) isomorphic to the free product (/) * {g) , and 

2. {f,g) is a quasiconvex subgroup relative to Ti.. 

Remark 1.5. The original result by G. Arzhntseva and A. Minasyan [2, Theorem 
1.1] does not include the statement on quasiconvexity of the subgroups (/, 5). 

Suppose that G is a word-hyperbohc group. As described in Section 3], a 
quasiconvex subgroup H < G induces a peripheral structure V of G. The con- 
struction of the peripheral structure V oi G induced by H is recalled in Section [4^ 
below. As a Corollary of Theorem |1.1| we recover the following result from [Tj with- 
out the assumption that G is torsion free. 

Corollary 1.6. /7, Proposition 3.12] Let H be a quasiconvex subgroup of word- 
hyperbolic group G. Let V be the peripheral structure on G induced by H . Then 

L G is hyperbolic relative to V , and 

2. H is a relatively quasiconvex subgroup of G with respect to the peripheral 
structure V . 

Remark 1.7. The definition of relative quasiconvexity in the paper [1] differs 
from definition |2.10| of relative quasiconvexity in this paper. The equivalence of 
these two definitions is a result by Manning and the author [T3J Theorem A. 100]. 



For more on different definitions of relative quasiconvexity see remark 2.11|below 



The paper is organized as follows. Section [2] introduces background and nota- 
tion. In section [3] a technical result on the geometry of hyperbolically embedded 
subgroups is proved. In the last section the proofs of the main result and corollaries 
are discussed. 

Acknowledgements: The author thanks Noel Brady, Jason Manning, and Ashot 
Minasyan for useful comments. This project was partially supported by NSF grant 
no. DMS-0505707 and a Britton Posdoctoral Fellowship at McMaster University. 

2 Definitions and Background 
2.1 Relative hyperbolicity 

The notion of relative hyperbolicity has been studied by several authors with 
different equivalent definitions. The definition in this subsection is based on the 
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work by Osin in ^TT]. Let G be a group, H denote a collection of subgroups 
{Hi, . . . , Hm}, and X be a finite generating set which is assumed to be symmetric, 
i.c, X = X^^. Denote by T{G,'H, X) the Cayley graph of G with respect to the 
generating set X U IJ TC. If p is a path between vertices in T{G, Ti, X) , we will refer 
to its initial vertex as p_ , and its terminal vertex as . The path p determines 
a word Label{p) in the alphabet X U[jTi, which represents an element g so that 
= The length of a path p will be denoted by l{p). 

Definition 2.1 (Weak Relative Hyperbolicity). The pair (G,?i) is weakly rela- 
tively hyperbolic if there is an integer S >0 such that T(G,Ti., X) is (5-hyperbolic. 
We may also say that G is weakly relatively hyperbolic, relative to Ti.. 

Definition 2.2 ( [17 ). Let g be a combinatorial path in the Cayley graph r(G, H, X). 
Sub-paths of q with at least one edge are called non-trivial. For Hi G Ti., an Hi- 
component of (7 is a maximal non-trivial sub-path s of g with Label(s) a word 
in the alphabet Hi. When we don't need to specify the index i, we will refer to 
-ff—components as Ti-components. 

Two 7i-components si, S2 are connected if the vertices of Si and S2 belong to 
the same left coset of Hi for some i. A 7i-component s of g is isolated if it is not 
connected to a different 7i-component of q. The path q is without backtracking if 
every 7i-component of q is isolated. 

A vertex u of g is called phase if it is not an interior vertex of a 7i-component 
s of q. Let p and q be paths between vertices in T{G,'H,X). The paths p and q 
are k -similar if 

ma.x{distx{p-,q-),distx{p+,q+)} < k, 

where distx is the metric induced by the finite generating set X (as opposed to 
the metric in T{G,n,X)). 

Remark 2.3. A geodesic path q in T{G,'H, X) is without backtracking, all TC- 
components of q consist of a single edge, and all vertices of q are phase. 

Definition 2.4 (Bounded Coset Penetration (BCP)). The pair (G,7i) satisfies 
the BCP property if for any A > 1, c > 0, fc > 0, there exists an integer e(A, c, k) > 
such that for p and q any two fc-similar (A, c)-quasi-geodesics in T{G,Ti., X) 
without backtracking, the following conditions hold: 

(i.) The sets of phase vertices of p and q are contained in the closed e(A,c, fc)- 
neighborhoods of each other, with respect to the metric distx- 

(ii.) If s is any 7i-component of p such that distx{s-, s+) > e(A, c, k), then there 
exists a 7i-component t of q which is connected to s. 

(iii.) If s and t are connected 7i-componcnts of p and q respectively, then 

ma,x{distx{s.^,t^),distx{s+,t+)} < e{X,c,k). 

Remark 2.5. Our definition of the BCP property corresponds to the conclusion 
of Theorem 3.23 in [17]. 
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Definition 2.6 (Relative Hyperbolicity) . The pair (G,?i) is relatively hyperbolic 
if the group G is weakly relatively hyperbolic relative to H and the pair (G,7i) 
satisfies the Bounded Coset Penetration property. If (G, H) is relatively hyperbolic 
then we say G is relatively hyperbolic, relative to TL; if there is no ambiguity, we 
just say that G is relatively hyperbolic. 



Remark 2.7. Definition 2.6 given here is equivalent to Osin's [TT', Definition 2.35] 



for finitely generated groups: To see that Osin's definition implies |2.6| apply [T71 



Theorems 3.23]; to see that 2.6 implies Osin's definition, apply |17l Lemma 7.9 
and Theorem 7.10]. For the equivalence of Osin's definition and the various other 
definitions of relative hyperbolicity see |12) and the references therein. 

The following corollary is a straight forward application of the BCP-property. 

Corollary 2.8. \15\ Corollary 2.8] Let G be a hyperbolic group relative to a col- 
lection of subgroups Ti., and X is a finite generating set of G. Let giHi and g2Hj 
be different left cosets. For any pair of geodesies p and q in r(G, H,X) such that 
P-,q- € giHi, g g2Hj, and neither p nor q have more than one vertex in 

giHi or g2Hj, the following holds. 

L l{q) < l{p) + 2, and 

2. q and p are e{l, A,0)-similar. 



2.2 Parabolic and Relatively Quasiconvex Subgroups 

Let G be a group, H — {i/^}™ ^ be a collection of subgroups of G, and X he a, 
finite generating set for G. Suppose that G is hyperbolic relative to H. 

Definition 2.9. The peripheral subgroups of G are the elements of Ti.. A subgroup 
of G is called parabolic if it can be conjugated into a peripheral subgroup. 

Definition 2.10. ^ITj Definition 4.9] A subgroup Q of G is called quasiconvex rel- 
ative to Ti, (or simply relatively quasiconvex when the collection Ti. is fixed) if there 
exists a constant cr > such that the following holds: Let /, g be two elements of 
Q, and p an arbitrary geodesic path from / to 5 in the Cayley graph r(G, Ti, X). 
For any vertex v ^ p, there exists a vertex w ^ Q such that distx{v, w) < a, where 
distx is the word metric induced by X. 

Remark 2.11. Dahmani [S] and Osin [T7] studied classes of subgroups of rel- 
atively hyperbolic groups which they called relatively quasiconvex, intending to 
generalize the notion of quasiconvexity in hyperbolic groups. Hruska introduced 
several notions of relative quasiconvexity in the setting of countable (not neces- 
sarily finitely generated) relatively hyperbolic groups, including the notions based 
on Osin's and Dahmani 's, and showed that they are equivalent |12j . 

Remark 2.12. The BCP-property implies that any parabolic subgroup is quasi- 
convex. 



5 



Proposition 2.13. Corollary 9.5] 1 151 Proposition 1.3] Let Q and R he rela- 
tively quasiconvex subgroups of G. Then QC]R is a relatively quasiconvex subgroup 
ofG. 

Proposition 2.14. 1121 Theorem 9.1] ]15\ Proposition 1.5] Let Q be a a-quasiconvex 
subgroup of G. Then any infinite maximal parabolic subgroup of Q is conjugate by 
an element of Q to a subgroup in the set 

{Q n : H e H and z e G with \z\x < a}. 

In particular, the number of infinite maximal parabolic subgroups up to conjugacy 
in Q is finite. 

Theorem 2.15. \16l Theorem 1.5] Let P be a hyperbolically embedded subgroup 
of G relative to TL. Then P is a quasiconvex subgroup relative to Ti.. 

2.3 On the intersection of subgroups in countable groups. 

A version of the following result can be found in [15 , and for the interested reader 
a more general version appears in [T^]. It will be used in the proof of Theorem 

Proposition 2.16. 1121 Proposition 9.4] }15l Lemma 4-2] Let A be a countable 
group with a proper left invariant metric d. Then for any B and C subgroups of 
A, and any constant K > 0, there exists M — M{B, C, K) > so that 

BnNKigC)ciNMiBnGa), 

where Nj{{gC) and Nm{B (IG^) denote the closed K -neighborhood and the closed 
M -neighborhood of gG and BDC^ in {A,d) respectively. 

3 Quasigeodesics and Hyperbolically embedded 
subgroups 

Proposition |3.6| in this section is the main technical tool in the proof of the main 
theorem. Suppose that G is a hyperbolic group relative to H, and Q < G is a 
subgroup such that G also relative to 7i U {Q}. A subgroup Q < G with this 
property is called hyperbolically embedded. Proposition |3.6| shows that certain 
paths in T{G,H,X) induced by geodesies in T{G,HD{Q},X) are quasigeodesics. 

The section consists of three parts. First, a result from [T71 is discussed. In the 
second subsection, some results on hyperbolically embedded subgroups from |16| 
are recalled. This subsection contains a proof Corollary |3.5| which is a result that 
should be known by most experts in the field but there was no reference available. 
The last subsection consists of the statement and proof of Proposition |3.6| 

3.1 A Result about Polygons by Osin 

The following proposition is a direct consequence of [17' Lemma 2.27]. 
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Proposition 3.1. J_?7| / Let G he a group generated by a finite set X and hyperbolic 
relative to a collection of subgroups Ti. 

There exists a finite subset O C G and a constant D > satisfying the following 
conditions. 

1. Every H £ Ti. is generated by CIh = H . 

2. Let q be a cycle in T(G,Ti., X), H e Ti., and S — {pi, . . . a certain set 
of isolated H-componets of q. If the length of q is n, then 

^distn^{p^,p+) < D n. 
pes 

In particular, 

''^^distx{p-,p+) < M D n, 

pes 

where M = max^ga{|Lj|x}. 

Proof. The set is defined in [T71 Definition 2.25]. The first statement of the 
proposition corresponds to [17l Proposition 2.29]. The relative area of the cycle 
q in T{G,H,X) is a natural number denoted by Area'^^''{q), see [171 Definition 
2.26]. Then [T71 Lemma 2.27] states that EpeS ^ ^ Area''''^{q) 
where if is a constant independent of q and the collection of _ff-components S. 
Since G is hyperbolic relative to Ti, then Area^^^^q) < Ln where L is a constant 



independent of q and S (See [ITl Definition 2.35] and remark 2.7 1. To finish the 



proof let D = □ 



3.2 Hyperbolically Embedded Subgroups 

Let G be a group, H — {i/j}™ be a collection of subgroups of G, and X be a 
finite generating set for G. Suppose that G is hyperbolic relative to H. 

Definition 3.2. jT6l Definition 1.4] A subgroup Q < G is said to be hyperbolically 
embedded into G relative to Ti., if G is hyperbolic relative to U {Q}. 

The hyperbolically embedded groups where characterized by Bowditch ^ The- 
orem 7.11] for the case that G is a word hyperbolic group, and by Osin (THl The- 
orem 1.5] for the general case. 

Theorem 3.3. U6\ Theorem L5] A subgroup Q of G is hyperbolically embedded 
relative to Ti, if the following conditions hold. 

L Q is generated by a finite set Y . 

2. There exists A,c > such that for any element g €z Q, we have \g\Y < 
Xdistxun{^,9) + c- 

3. For any g (z G such that g ^ Q, the intersection Q D is finite. 

In particular, the first and second statement of the characterization of hyper- 
bolically embedded subgroups implies relative quasiconvexity. 
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Corollary 3.4. A subgroup Q < G which is hyperbolically embedded relative to Ti. 
is quasiconvex relative to Ti. 



Corollary 3.5. Let G be a group with a finite generating set X . Suppose that G 
is hyperbolic relative to a collection of subgroups "Hi, G is also hyperbolic relative 
to a collection of subgroups Ti.2, and Ti.2 C Tii. 

Then for any collection of subgroups Ti such that TL2 C 7i C Hi, the group G is 
hyperbolic relative to TL. In particular, every element ofTi.i\Ti.2 is a hyperbolically 
embedded subgroup of G relative to Ti.2- 

Proof. Suppose that H — Ti2 U {Q}- The general case follows by induction with 
this assumption as the base and induction case. It is enough to show that Q is 
hyperbolically embedded relative to 7^2- Conditions ([l]) and (|3| of Theorem 3.3| 
are satisfied by Q since Tii is a peripheral structure for G, see for example 171 
Theorem 1.1 and Proposition 2.36]. To show that S satisfies condition Q of 



Theorem 3.3 we will use Proposition |3.1 



Let D > and C G be given by Proposition 3.1 applied to G as a hyperbolic 
group relative to Tii. Then y = n Q is a finite generating set for Q. Regard 
r(G, 7^2, X) as a subgraph of r(G, Tii, X) in the obvious way. 

Let g be an element of Q. Let r be a geodesic in r(G, 1-12, X) from the identity 
element to g. Since Q is an element of Hi, there is an edge p in T{G,'Hi, X) 
from the identity element to g. Consider r as a polygonal path, and let V be the 
closed polygon formed by r and p in T(G, Tii, X). Since r has no Q-components, 
p is an isolated Q-component of V. Since the length of the closed path V is 
{distxij-H^i^T 9) + 1); Theorem |3 . 1 1 implies 



\g\Y = distY{p-,p+) < D distxuT-izi^^g) + D. 



Therefore Q satisfies condition ^ of Theorem 3.3 and therefore Q is hyperbolically 



embedded relative to 7^2- □ 



3.3 Technical Result on Quasigeodesics and Hyperbolically 
Embedded Groups 

Let G be a group generated by a finite set X and hyperbolic relative to a collection 
of subgroups TL. Suppose that Q is a hyperbolically embedded subgroup of G. Let 
distxuH and distxuHu{Q} denote the metrics in T{G, H, X) and T{G,HLl{Q}, X) 
respectively. 

Proposition 3.6. There exist constants X — A(G, X, 7i , Q) > 1 and c — c{G, X, H, Q) > 
with the following property. 

If p is a geodesic in T(G,Ti.U{Q}, X) and q is a path in r(G, 7i, X) obtained by 
replacing each Q-component of p by a geodesic segment in T(G,Ti., X) connecting 
its endpoints, then q is a (X, c)-quasi-geodesic in T(G,Ti., X). 

The proof of Proposition |3.6| is based in Lemma |3.7| whose proof is simitar to 
the proof of Corollary |3.5[ 
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Lemma 3.7. For any A > 1 and c > 0, there exist a constant 

L{G,X,n,Q,X,c) 

with the following property. 

Let p be any path in T{G,Ti U {Q},X) such that 

1. p is without backtracking, 

2. p is of the form 

P = Siti . . . SktkSk+l, 

where each Si is a geodesic segment in T{G,T-CU{Q},X), and {ti}^^i are all 
the Q-components of p. 

3. p is a (X, c)-quasi-geodesic. 
Then the path q in T(G, Ti., X) 

q = SiUi . ..SkUkSk+i, 

where each Ui is a geodesic segment in T{G,Ti., X) connecting the endpoints ofti, 
satisfies 

l{q) < L distxuH{q-,q+) + L. 

Proof. Since Q is hyperbolically embedded, the group G is hyperbolic relative 
to U {Q}. Let D > and H, C G he given by Proposition 3.1 applied to G 
as a hyperbohc group relative to Hi) {Q}. Regard T{G,H, X) as a subgraph of 
T{G, HU{Q}, X) in the obvious way. Let r be a geodesic in T{G, H, X) connecting 
the endpoints of p. In T{G,'H U {Q},X), consider r as a polygonal path and let 
V be the closed polygon in T{G, Ti U {Q}, X) given by 

V = siti . . . SktkSk+ir. 

Since p is a (A, c) quasigeodesic, the length of V satisfies 

1{{P)) < Kp) + Kr) 

< {X + l)distxun{P-,P+) + c. 



Since each ti is an isolated Q-component of V, Proposition 3.1 and the above 
inequality implies 



< D 1{V) 

< {X+1)D distxun{p-,P+) + c D. 
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Since p is (A, c)-quasigeodesic, we have 

k+l k 

l{q) - Y.l{s,)+Y^l{u,) 

i=l i=l 
k 

i=l 

< {\D + D + \) distxuH{P-,P+) + cD + c, 

which finish the proof of the Lemma. □ 

Proof of Proposition \3.6\ Decompose the path p as 

p = siti . . . SfeifeSfe+i, 

where {iijf^i are all the Q-components of p. Then the path q in T{G,Ti,X) 
decomposes as 

q = siui . . . SkUkSk+i, 

where each Ui is a geodesic segment in r(G, Ti, X) connecting the endpoints of ti. 

Let q' be a subpath of q. We consider two cases: 
Case 1. Suppose that q' is of the form 

q = SjMj . . . Si+jUi-|_jSj^j_|_]^, 

where s[ and s[_^ are subpaths of Sj and Sj+^+i respectively. In this case, Lemma 



3.7 implies that 

l{q') < Li distxun{q-,q+) + Li, 

where Li = L{G, X,n,Q, 1,0). 

Case 2. Otherwise, at least one of the endpoints of q' is a vertex of Ui for some 
i. There are three similar cases to consider. We only consider one and leave the 
other two for the reader. Suppose that g' is of the form 

q' = w^Sj+iU,,+i . . .u,+j_is,+jw^_^j, 

where u[ and u'^^ are subpaths of and u^^j respectively. Let p' be the path in 
T{G,nu{Q},X) given by 

where t[ and t[j^j correspond to single edges connecting the endpoints of u[ and 
Mj^j respectively. Corollary 2.8 shows that p' is a (4, 0)-quasi-geodesic in r(G, U 



{Q},X). Lemma 3.7 implies that 



l{q') < L2 distxun{q-,q+) + L2, 

where L2 = L{G,X,Ti,Q,4:,0). To finish the proof define A = c = maxlLi, L2}- 

□ 
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4 Proofs of the Main Results 



4.1 Proof of Theorem 11.11 

Proposition 4.1. Suppose that G is hyperbolic group relative to a collection of 
subgroups Ti with finite generating set X , and Q is a hyperbolically embedded sub- 
group of G. 

If R is a quasiconvex subgroup ofG relative to Ti, then R is quasiconvex relative 

tonu{Q}. 

Proof. Let / be an element of R and let p be a geodesic in T{G, H U {Q}, X) from 
1 to /. Let q be the path in T{G, H, X) obtained by replacing each Q-component 
of p by geodesic segments in T{G,TC, X). Proposition |3.6| implies that 9 is a 
(A, c)-quasi-geodesic in T(G,Ti., X), where the constants A and c are independent 
of the element / and the path p. Since R is cr-quasiconvex relative to H, the BCP 
property implies that for any vertex u of q (in particular, for any vertex of p) 
there is a vertex v E R such that distx{u, v) < e(A, c, 0) + a. It follows that R is 
(e(A, c, 0) + (T)-quasiconvex relative to H U {Q}- □ 

Proposition 4.2. Suppose that G is hyperbolic group relative to a collection of 
subgroups Ti. with finite generating set X , and Q is a hyperbolically embedded sub- 
group of G. 

If R is a a -quasiconvex subgroup of G relative to Ti.U {Q} and for any g € G 
with \g\x < o- the subgroup R n gQg^^ is quasiconvex relative to H, then R is 
quasiconvex relative to TL. 

Proof. Let / be an element of R. Let g be a geodesic in V{G, H U {Q}, X) from 1 
to / and p be the path in T{G, Ti, X) obtained by replacing each Q-component of 
q by geodesic segments in T{G,'H, X). Proposition |3.6| implies that p is a (A,c)- 
quasi-geodesic in T{G,T-L,X) with A and c independent of / and q. Decompose 
the path q as 

q = siti . . . SktkSk+i, 

where {iijf^i are all the Q-components of q. Then the path p in T{G,H,X) 
decomposes as 



p = SlUl . . . SkUkSk+l, 

where each ut is a geodesic segment in r(G, H, X) connecting the endpoints of ti. 
Define 

M = max{M{R,gQg^^,2a) : g G G,\g\x < cr}, 
where M{R, gQg^^ ,2a) is the constant given by Proposition 2.16 applied to the 



group G with the metric distx, the subgroups R and gQg^^, and the constant 2a. 

Claim 1. For each i G {l,...,fc}, the endpoints of the segment Ui are at 
distance at most M -\-2a from a left coset Xi{R n Qf ) with respect to the metric 
distx. Here Xi E Q and gi E G with \g\x < a. 



11 



To simplify notation denote the segment Ui by u. Since R is quasiconvex 
relative to HU {Q}, there exists elements x and y oi R such that 



max{distx{x,u^),distx{y,u^) < a. 

Let g denote the element x^^u^. Since distx{x^^y, gQ) < a and x~^y G 
R, Proposition |2.16| implies that there is an element z e R such that 
distx{x^^y, z) < M + a. It follows 

max{distx{u^,x),distx{u^,xz)} < M + 2(j, 

where x & R, \g\x < <J, and z e i? n . 

Claim 2. For each i e every vertex of the segment Ui is at X- 

distance at most (e(A,c, L) + (72) from an element of R. This claim finish proves 
the lemma. 

Since Xi £ R and R n Q^' is (72-quasiconvex relative to 7i, then the left coset 
Xi{RnQ^^) is (72-quasiconvex and is a subset of i?. The claim follows from a direct 
application of the B CP-property |2.4[ □ 



Proof of Theorem \l.l\ By Corollary 3.5 every element of7i2\'Hi is hyperbolically 



embedded relative to Ti.2- If i? < G is quasiconvex relative to 7^2, an induction 
argument using Proposition |4. 1| shows that R is quasiconvex relative to Tii. 

Suppose that R is cr-quasiconvex relative to Tii and that RnQ^ is quasiconvex 
relative to H2 for every Q g Hi\H2 and g G G . Suppose that Hi\H2 — 

G is hyperbolic relative to H2 U {Qi, . . . , Qi^i}. 
(already proved), RnQi is quasiconvex relative to 



3.5 



{Qi, ■■■,Qi}- By Corollary 
By the first part of Theorem 
Ti.2 U {Qi, . . . , Qi^i} for every g & G. Since is hyperbohcally embedded relative 



1.1 



to H2 U {Qi, ■ ■ ■ ,Qi-i}, Proposition 4.2 imphes that R is quasiconvex relative 



to 7^2 U {Qi, • ■ • , Qi-i}- An argument by induction shows that R is quasiconvex 
relative to 7^2. □ 



4.2 Proof of Corollary 1.3 



Since Q is quasiconvex relative to Ti., and P is hyperbolically embedded with re- 
spect to Ti., Theorem 1 1 . 1 1 implies that Q is quasiconvex relative to 7iU{P}. By "T51 
Theorem 1.1], there is a constant G = G{P, Q,X) such that the homomorphism 

Q *QnR R — > G 

is injective if(3nP<i?<P and \g\x > C for all 5 e i? \ Q. 

Let i? be a quasiconvex subgroup relative to Ti, such that Q D P < R < P and 
Iglx > G for all g e P \ Q. By jlSj Theorem 1.1], {Q U P) is quasiconvex relative 
to U {P}. We claim that {QU R) is also quasiconvex relative to H. 

Let (7 be the quasiconvexity constant of the subgroup Q with respect to 7iU{P}. 



By Proposition 2.14 every infinite maximal parabolic subgroup of Q with respect 



to U {P} is conjugate by an element of Q to a subgroup in the collection 
11 = {QnH^ : H enu{P} and zeG with \z\x < cf}. 
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Since parabolic subgroups relative to H are quasiconvex relative to H, Proposi- 



tion 2.13 implies that Q n is quasiconvex relative to Ti. for any H £ Ti. and 
z £ G. Since P is hyperbolically embedded relative to H, Proposition |2.13| and 
Theorem |2 . 1 5 1 imply QnP^ is quasiconvex relative to H for any z £ G. Therefore, 
every subgroup in the collection 11 is quasiconvex with respect to Ti.. 

By |T5J Theorem 1.1], every infinite maximal parabolic subgroup of {Q U R) 
with respect to Ti.U{P} is conjugate by an element of (QUR) to maximal parabolic 
subgroup of Q or i?, and therefore to a subgroup in the collection 

Ha = {Q n iJ^ : e W U {P} and 2 e G with \z\x < ct} U {R}. 

Since R is quasiconvex relative to Ti, it follows that every subgroup in the collection 
TI2 is quasiconvex relative to Ti.. 

Let g e G an consider the subgroup K ^ {Q U R) O P^ . If X is finite then 
it is quasiconvex. Otherwise K is a, maximal parabolic subgroup of {Q U R) with 
respect to H U {P}. It follows that K is conjugate to a subgroup of II2; since 
conjugation preserves quasiconvexity, it follows that K is quasiconvex relative to 
Ti. Therefore {QU R) (1 P^ is quasiconvex for every g £ G and, by Theorem |1.1[ 
the subgroup {Q U R) is quasiconvex relative to Ti. 



4.3 Proof of Corollary 1.4 



We follow the argument by G. Arzhantseva and A. Minasyan in [2] and argue that 
the subgroups (/, 5) are quasiconvex relative to Ti. First, we recall some results. 

4.3.1 Some known results 

The following proposition is contained in the proof of [2,, Theorem 1.1]. For the 
convenience of the reader we briefly recall the argument. 

Proposition 4.3. Let G be a hyperbolic group with respect to a collection of 
subgroups Ti. Let F be a finite subset of G. Then there exists a collection of 
subgroups Ti' with the following properties. 

L G is hyperbolic relative to Ti' and 

2. Tic Ti', 

3. every H £ Ti' \ Ti is finite or elementary, and 

4-. every element of F is parabolic relative to Ti' . 

Proof. If f £ G is hyperbolic or finite order, then (/) is a finite index subgroup 
of a maximal elementary subgroup H{f) which is hyperbolically embedded |16l 
Corollary 1.7 and Theorem 4.3]. The extended peripheral structure is obtained 
by an induction argument on the cardinality of F by adding the subgroups H{f) 
when necessary. □ 



Proposition 4.4 below is a fundamental part in the proof of ^ Theorem 1.1] 



by Arzhantseva, Minasyan, and Osin. 
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Proposition 4.4. [Lemma 3.8] IH Lemma 8] Let G he a non- elementary 
and properly relatively hyperbolic group with respect to a collection of subgroups 
TL. Suppose that G has no non-trivial finite normal subgroups. Then there is a 
hyperbolic element h such that the subgroup (h) is hyperbolically embedded with 
respect to H. 



4.3.2 Proof of Corollary [TI 



Let H' be the peripheral structure given by Lemma 4.3 for the set F. By Propo- 
sition |4.4| there is a hyperbohc element h of infinite order such that the subgroup 
(h) is hyperbolically embedded with respect to H' . 

Let / be an element of F. Since powers of hyperbolic elements are hyperbolic, 
the cyclic subgroups (/) and {h) intersect trivially. Applying Corollary L3 to the 
subgroups (/) and (h), there is a positive integer n = n{f) such that for any 
m > n{f), the subgroup {f,h"^) is isomorphic to (/) * (/i™) and is quasiconvex 



relative to H' . By Corollary 1.2 the subgroup (f,h™) is also quasiconvex relative 
to H. 

To finish the proof, let g — ft,™ where m is the minimum common multiple of 
M.f) : / e F}. 



4.4 Proof of Corollary 1.6 



4.4.1 Peripheral structure induced by a Quasiconvex Subgroup 

We follow the exposition in J^. Let G be a hyperbolic group and H a quasicon- 
vex subgroup. A collection of elements {51, gn} of G is essentially distinct if 
giH gjH for i j. Conjugates of H by essentially distinct elements are called 
essentially distinct conjugates. The height of H is n if there exists a collection of 
n essentially distinct conjugates of H such that the intersection of all elements of 
the collection is infinite and n is maximal possible. A result by Gitik, Mitra, Rips, 
and Sageev states that the height of H is finite [5] . 

Suppose that the height of H is n. Then there are only finitely many H- 
conjugacy classes of intersections HC\H^^C\. . . H^^ where j < n and {H, H^^ , . ■ . , H^^ } 
are essentially distinct conjugates [U Corollary 3.5]. Choose one subgroup of this 
form per iJ-conjugacy class to form a collection 8 of subgroups of H. The mal- 
normal core of H, denoted by V, is the collection of commensurators of elements 
of £ in H. 

A result by I. Kapovich and H. Short states that an infinite quasiconvex sub- 
group of a word hyperbolic group has a finite index in its commensurator [13' . It 
follows that V consists of quasiconvex subgroups, and 

1. for any D ^ T) and g E H \ D, the intersection D n is finite, 

2. for any distinct pair D,D' E T> and g E H \ D, the intersection D D' is 
finite. 

By a theorem of Bowditch [4, Theorem 7.11], the group H is relatively hyperbolic 
with respect to V. 
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The collection V gives rise to a collection of peripheral subgroups V for G in two 
steps. First change V to Vq by replacing each element of T) by its commensurator 
in G. Then eliminate redundant entries of I?o to obtain V C I?o which contains no 
two elements which are conjugate in G. The collection V is called the peripheral 
structure of G induced by H. 

As the argument in the previous paragraph, all elements of V are commensura- 
tors of infinite quasiconvex subgroups and hence they are quasiconvex. Moreover 

1. for any P E V and g e G\ P, the intersection P O P^ is finite, 

2. for any distinct pair P, P' E V and g E G \ P, the intersection P^ n P' is 
finite. 

By Bowditch's result Theorem 7.11], the group G is hyperbolic relative to V. 
4.4.2 Proof of Corollary [O] 

That G is hyperbolic relative to V is explained above together with the definition 
of V. Since H is a, quasiconvex subg roup of G, by Theorem [TT] H IS a 

quasiconvex subgroup of G relative to V. 



References 

I. Agol, D. Groves, and J. Manning. Residual finiteness, QCERF, and fillings 
of hyperbolic groups. Geom. Topol, 13:1043-1073, 2009. 

G. Arzhantseva and A. Minasyan. Relatively hyperbolic groups are c*-simple. 
J. Funct. Anal, 243:345-351, 2007. 

G. Arzhantseva, A. Minasyan, and D. Osin. The sq-universality and residual 
properties of relatively hyperbolic groups. J. of Algebra., 315:165-177, 2007. 



B. H. Bowditch. Relatively hyperbolic groups. Preprint at http://www. 
Warwick. ac .uk/~masgai/papers/, 1999. 

F. Dahmani. Combination of convergence groups. Geom. Topol., 7:933-963, 
2003. 

C. Drutu and M. Sapir. Tree-graded spaces and asymptotic cones of groups. 
Topology., 44:959-1058, 2005. With an appendix by D. Osin and M. Sapir. 

B. Farb. Relatively hyperbolic groups. Geom. Funct. Anal, 8(5):810-840, 
1998. 

R. Gitik. Ping-pong on negatively curved groups. J. Algebra, 217:65-72, 1999. 

R. Gitik, M. Mitra, E. Rips, and M. Sageev. Widths of subgroups. Trans. 
Amer. Math. Soc, 350:321-329, 1998. 

[10] M. Gromov. Hyperbolic Groups, volume 8 of Essays in Group Theory, editor 
S.M. Gersten, pages 75-263. Springer- Verlag, MSRI Series, 1987. 



15 



[11] D. Groves and J.F. Manning. Dehn filling in relatively hyperbolic groups. 
Israel Journal of Mathematics, 168:317-429, 2008. 

[12] G.C. Hruska. Relative hyperbolicity and relative quasiconvexity for countable 
groups. Preprint at arXiv:0801 .4596, 2008. 

[13] I. Kapovich and H. Short. Greenberg's theorem for quasiconvex subgroups of 
word hyperbohc groups. Canad. J. Math., 48:1224-1244, 1996. 

[14] J.F. Manning and E. Martmez-Pedroza. Separation of relatively quasiconvex 
subgroups. Preprint at |arXiv:0811 ■4001v2[ 2009. 

[15] E. Martfnez-Pedroza. Combination of quasiconvex subgroups of relatively 
hyperbolic groups. Groups, Geometry and Dynamics, 3:317-342, 2009. 

[16] D. Osin. Elementary subgroups of relatively hyperbolic groups and bounded 
generation. Internat. J. Algebra Gomput., 16:99-118, 2006. 

[17] D. Osin. Relatively hyperbolic groups: intrinsic geometry, algebraic proper- 
ties, and algorithmic problems. Mem. Amer. Math. Soc, 179(843):vi-|-100, 
2006. 

[18] A. Szczepahski. Relatively hyperbolic groups. Michigan Math. J., 45:611-618, 
1998. 

[19] Asli Yaman. A topological characterisation of relatively hyperbolic groups. 
J. Reme Angew. Math., 566:41-89, 2004. 



16 



